Let R be a commutative ring. We investigate R-modules which can be written as finite sums of second R-submodules (we call them second representable). We provide sufficient conditions for an R-module M to be have a (minimal) second presentation, in particular within the class of lifting modules. Moreover, we investigate the class of (main) second attached prime ideals related to a module with such a presentation.
Introduction
Throughout, R is a commutative ring. We consider second representable modules, i.e. modules which can be written as finite sums M = n ∑ i=1 M i of second submodules M 1 , · · · , M n of R M (recall that N ≤ M is said to be second iff IN = N or IN = 0 for every ideal I ≤ R [14] , [1] ). The paper is divided in three sections. In Section 1, and for the convenience of the reader, we collect some preliminaries from Module Theory. In Section 2, is devoted to the study of second representable modules. In particular, we provide sufficient conditions for the existence of second representations for R M are provided, among others, in Proposition 2.18 and Theorem 2.28.
Second and semisimple modules are trivially second representable, and Example 2.26 provides examples modules which are second representable but neither second not semisimple. Several other examples showing that some of the sufficient conditions in the results mentioned above are not necessary (e.g. Examples 2.24 and 2.25). Since every second module is secondary, the First and the Second Uniqueness Theorems (Theorems 2.9 and 2.10, respectively) for a second representable R-module follow from the corresponding ones on secondary representations ( [10] , [6] ). As a byproduct, we introduced a new class of modules lying properly between the classes of semisimple and lifting modules, namely the class of s-lifting modules (see Figure 1 at the end of Section 2).
Section 3 is devote to the study of second attached prime ideals for a given second representable R-module. As a consequence of Theorem 3.6, it follows that a second representable Noetherian R-module is a finite direct sum of second submodules. Theorem 3.10 investigates the relation between semisimple, multiplication and second representable modules.
Preliminaries
In this section, and for the convenience of the reader, we collect some definitions and results from the literature.
Throughout this paper, R is a commutative ring, M a non-zero R-module, LAT ( R M) is the canonical lattice of R-submodules of M and we write N ≤ M to indicate that N ∈ LAT ( R M). In particular, we set Ann(N) := (0 : R N).
([14]
, [1] ) Let M be an R-module. An R-submodule K ≤ R M is said to be second [1] iff K = 0 and for any ideal I ≤ R we have
By Spec s (M), we denote the spectrum of second R-submodules of M.
([17, Sec. 41])
We say that an R-submodule N ≤ M has a supplement K in M iff there is an R-submodule K ≤ M minimal with respect to N + K = M. The R-module M is said to be supplemented iff every R-submodule of M has a supplement in M. We say that N ≤ M has ample supplements in M [17] iff for each submodule U ≤ M with N + U = M there is a supplement K ⊆ U of N in M. The R-module M is called amply supplemented iff every R-submodule of M has ample supplements in M. For example, every Artinian module is amply supplemented. [17, 19.1] iff N +K = M for any R-
A submodule N ≤ M is called small (or superfluous) in M
submodule K M. An epimorphism of R-modules f : M −→ M ′ is called a small epimorphism iff Ker( f ) is small M. An R-submodule N ≤ M is called large (or essential) [17, 17.1] iff N ∩ K = 0 for any R-submodule 0 = K ≤ M. A monomorphism of R-modules g : M −→ M ′ is called a large monomorphism iff f (M) is large in M ′ .
1.4.
We say that M is a lifting R-module [7, 22.2] iff any R-submodule N ≤ M contains a direct summand X ≤ M such that N/X is small in M/X . An R-module M is called extending [7, p. 265] iff every nonzero submodule of M is essential in a direct summand of M.
1.
5. An R-module M is called uniform [7] iff every nonzero R-submodule of M is large in M (equivalently, 0 ∈ LAT ( R M) is irreducible). An R-module M has uniform dimension n [7] , and we write u.dim(M) = n, iff there exists a large monomorphism from a direct sum of n uniform R-modules to M. An R-module M is hollow iff every proper R-submodule of M is small in M (equivalently, 1 ∈ LAT ( R M) is hollow). We say that M has hollow dimension n [7] iff there exists a small epimorphism from M to a direct sum of n hollow R-modules, in this case we write h.dim(M) = n. Lemma 1.6. ( [7, Proposition 22.11] ) Let M be a nonzero R-module with finite hollow (uniform) dimension.
H i where each H i is a hollow R-module and n
= h.dim(M). (2) If R M is extending, then M = n i=1 U i
where each U i is a uniform R-module and n = u.dim(M).
Lemma 1.7. ( [7, 22.2] , [7, 20.34 
])
(1) Every lifting R-module is amply supplemented. (c) M has the ACC on supplements.
Let X ⊆ L\{0}, and denote by Min(X ) the set of minimal elements of X . We say that X is atomic iff for every p ∈ X there is q ∈ Min(X ) such that q ≤ p;
Let X ⊆ L\{1}, and denote by Max(X ) the set of maximal elements X . We say that X is coatomic iff for every element p ∈ X there is q ∈ Max(X ) such that p ≤ q.
Let M be an R-module. We say that M is atomic (resp. coatomic) iff the class of non-zero (resp. proper R submodules) of M is atomic (resp. coatomic). [2] iff whenever ax ∈ N and x / ∈ N we have a n M ⊆ N for some n ∈ N. If N is a primary submodule of M, then p := (N : R M) is prime ideal of R and we say that N is p-primary. A submodule K ≤ M has a primary decomposition [2] iff there are primary submodules Dual to primary submodules and primary decompositions are secondary submodules and secondary representations:
14. An R-module M is called secondary ([10] , [11] ) iff for any a ∈ R we have aM = M or a n M = 0 for some n ∈ N. If M is a secondary R-module, 
1.15.
A prime ideal p ≤ R is called a coassociated prime [9] to R M iff there is a hollow factor 
Att(M i ).
Second Representations
Recall that R is a commutative ring. Yassemi [14] introduced the notion of second submodules of a given non-zero module over a commutative ring. Annin [3] called these coprime modules (see also [16] ) and used them to dualize the notion of attached primes.
A nonzero submodule
we denote the set of second attached primes of M. 
is a (not necessarily finite) sum of second submodules of M.
Example 2.4.
Let p be a prime number. Any divisible p-group is a semisecond Z-module but not semisimple. This follows from the fact that every divisible p-group is a direst sum of copies of the Prüfer group Z(p ∞ ) which is a 0-second Z-module but not simple (see [17, p. 124] , [8, p. 96] for the properties of the Prüfer group).
representation for M iff it satisfies the following conditions:
2.6. Let R M be second representable. It is clear that M has a minimal second representation 
By Theorem 2.9 below, att s (M) is independent of the choice of the minimal second representation of M. 
The result is obtained now by applying (1).
(3) If N is a second representable submodule of M, then it follows from (2) and Theorem 1.19
(5) For any multiplicatively closed subset of S of R, the S −1 R-module S −1 M is second representable and att 
2.13. We say that a submodule K ≤ M satisfies the IS-condition iff for every I ≤ R for which IK = 0, the submodule IK ≤ M has a proper supplement in M.
Remark 2.14. Let R M be supplemented, K ≤ M and 0 = H ≤ K. The following conditions are equivalent:
(1) K is not contained in any supplement of H in M.
(2) H has a proper supplement in M. 
Example 2.16. The Abelian group Z 18 , considered as a Z-module, is supplemented but not semisimple. The submodule K 1 = 9Z 18 is hollow and satisfies the IS-condition. Notice that K 2 := 6Z 18 is hollow and second but does not satisfy the IS-condition (i.e. the IS-condition is not necessary for a hollow submodule module to be second).
2.17.
We say that an R-module M is (directly) hollow representable iff M is a finite (direct) sum of hollow R-submodules. 
H i is an irredundant sum, whence H = H i . Hence H i is maximal hollow.
H i is a direct sum of hollow R-submodules, then one can show similarly that each H i is a maximal hollow R-submodule of M, whence M is a direct sum of hollow R-submodules. The following example is an s-lifting second module with infinite hollow dimension which is not semisimple. 
Case 1: L p = Z(p ∞ ) for all p ∈ A. In this case, N is small in M as the set of submodules of
Notice that the maximal hollow Z-submodules of M are {Z(p ∞ ) | p ∈ A} and they are second, whence Z M is s-lifting.
Notice that Z M is second, not semisimple and that h. dim( Z M) = ∞. 
Clearly, M Z is second and supplemented but not finitely generated. This example shows that the finiteness condition of Theorem 2.28 (1) is not necessary.
Observe that N Z is finitely generated and supplemented and so, by Theorem 2.28, N Z is second representable if and only if N is second as it is hollow. Definition 2.30. We define a semisecondary module as one which is a (possible infinite) sum of secondary submodules.
Example 2.31. Assume that the prime spectrum of R be finite (e.g. R = Z n ). Assume that M is coatomic and amply supplemented over R (e.g. an Artinian module over an Artinian ring) in which the maximal hollow submodules are second. Then M is second representable by Theorem 2.28 (2) . To show this, let K M be maximal submodule, whence there is element x ∈ M\K. So,
Example 2.32. The Abelian group M = Z 12 , considered as a Z-module, has a secondary representation M = (4) ⊕ (3) but no second representation, it has a finite hollow dimension (notice that the epimorphism
is small and so h.dim(M) = 2). Observe that M is not s-lifting as the submodule (3) is maximal hollow but not second. This example shows that the assumption that M is s-lifting in Theorem 2.23 cannot be dropped. 
. But this would mean that S i IM (a contradiction). Thus, A is infinite as {S i | i ∈ N} is infinite.
Second Attached Primes
Recall that R is a commutative ring. In this section, we investigate the class of (main) second attached primes of a second representable R-module M (with second spectrum Spec s (M)).
For every R-module M, set
of main second attached primes of M is given by Proof.
(1) Claim:
It is easy to show that
Since att s (M) is finite and each element in Att s (M) is prime, it follows that p ≤ q for some p ∈ att s (M). By the minimality of q in Att s (M) and 
To find att s (M), we have the following cases:
(m i ) is a second representation and
Case 2: n j > 1 for some j ∈ {1, · · · , n}. In this case, M is not second representable since (
1) Let p be a prime ideal. Then M is p-secondary (p-second) if and only if every nonzero submodule of M is p-secondary (p-second).
(
K i is a minimal secondary representation with K i is p i -secondary for some prime
Proof. For R M, consider for every x ∈ R the endomorphism
(1) We prove the result for the case of p-secondary modules; the case of p-second modules can be proved similarly.
(⇒) Let M be a p-secondary module for some prime ideal p ≤ R. Let 0 = K ≤ M. For any a / ∈ p, we have aM = M. Since R M is Noetherian, every surjective endomorphism is injective and so a M is injective. Hence a n M is injective for any n, i.e. a n K = 0 for all n ∈ N. On the other hand, aK ⊆ K = aL for some submodule L (as a M is surjective), whence
Claim: For any j ∈ A, we have K j ∩ ∑ i∈A\{ j}
For any m ∈ J, there is a m ∈ p m \p j . Consider a = ∏ m∈J a m and notice that a / ∈ p j (as J is finite a m ∈ p m \p j for all m ∈ J) and so aN = N. Suppose that ∑ i∈A\{ j}
We have the following cases: Proof. We prove the result for the case of secondary representation; the case of second representation can be proved similarly.
Assume that M p is a secondary representable R p -module for any maximal ideal p ≤ R, say
K ′ i is a minimal secondary representation for M p where each K ′ i is a secondary submodule of M p and set for all i ∈ A = {1, 2, · · · , n} :
We may write
Consider the canonical map:
Claim: for any a ∈ R and all i ∈ A, the map p is nilpotent, i.e. for some n we have a n x/1 = 0 for all x ∈ K i whence a n x = 0 for all x ∈ K i by our assumption.
The converse is clear (see Remark 2.11(5) for the second representation case). 
Every second Z-submodule of M is simple, while Z M is not multiplication. S ∈ H i and so there is a ∈ R such that ax ∈ S, whence S = Rax. But Rx is p i -second and Rax = S = 0, whence S = Rax = Rx and so x ∈ S (a contradiction). It follows that M is a sum of simple submodules. The converse is trivial.
Example 3.11. Every semisecond atomic Noetherian R-module is semisimple. This follows directly from Theorem 3.6 (1) and Theorem 3.10 (5). 
